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Abstract Hebbian cell assemblies can be formalised as

sets of tightly connected cells in auto- and hetero-asso-

ciative memories. Direct evidence for such ‘‘cliques’’ has

recently been obtained in multiple-unit recordings from rat

hippocampal neurons. These experiments suggest a hier-

archical organisation where cliques are embedded in each

other such that larger cliques represent less specific stim-

ulus conditions. We here suggest an interpretation stating

that the firing patterns may not just reflect nested categories

but a lattice of concepts about stimulus–response mappings

in the sense of formal concept analysis, an applied branch

of set theory. We present an implementation of formal

concept lattices in bidirectional associative memories that

in contrast to previous work satisfies Dale’s principle and

uses balanced excitation and inhibition. Inhibitory cells

have fixed, non-plastic synapses even if the model learns

new concepts. As an extreme case a single global inhibi-

tory cell is enough that controls the total level of activation.

The excitatory cells can further learn incrementally using a

Hebbian coincidence learning rule. Implications of the

model for retrieval in auto-associative memories are further

outlined. Overall the model is well suited for representing

hierarchical compositional relationships between entities in

the form of correlated patterns in technical cognitive sys-

tems and potentially the brain.

Keywords Cell assemblies � Formal concept analysis �
Associative memory � Clique codes �
Bio-inspired computing

Introduction

Cognitive Computation aims at developing the next gen-

eration computing hard- and software. On one hand it relies

on the most advanced existing computer technologies for

large-scale simulations of real and artificial neural sys-

tems—these, however, it wants to improve and overcome

by brain-inspired neural future hardware [25, 61, 50]. On

the other hand Cognitive Computation aims at a break-

through in software technology as well, by developing

artificial cognitive systems at a level of sophistication

eventually adequate for communication with humans [29,

30, 57, 65]. This bilateral nature of Cognitive Computation,

the combination of physics and function or hardware and

software is nicely parallelised by one of the predominating

theories of cortical computation, the theory of Hebbian cell

assemblies which is our main focus of research. Originally

laid out by Donald Hebb in the middle of the last century as

the fundament of the then new discipline neuropsychology

it still provides a strong stream in modern computational

neuroscience today [22].

Cell assemblies are seen by their believers as the basic

building blocks of cortical representations and meant to

cover representations of any rememberable thing, ranging

from concrete objects to abstract entities of thought [3, 6, 22,

38, 41, 55, 59, 60]. According to Hebb, neurons of one

assembly are connected more strongly mutually than with

other neurons whereby they can lend support to each other’s

activation. If a sufficient part of an assembly is excited, say

by a stimulus, the whole assembly can ‘‘ignite’’ and the

remaining neurons be associatively completed. This basic

mechanism would explain associative processes but also

short-term memory in form of reverberating activity.

Moreover, according to the slogan of Hebbianists ‘‘what fires

together wires together’’ assemblies can form by synaptic
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plasticity such that coactivation of neurons increases the

connectivity within an assembly (long-term potentiation)

but activity in active neurons decouples them synaptically

from non-active neurons (long-term depression). Because at

least a core of neurons should get invariantly activated if the

same object is seen repeatedly (though perhaps with some

variation), Hebbian plasticity would lead to stabilised con-

nections between these core cells whereby a cognitive

representation would form. The synaptic plasticity hypoth-

esis has found solid experimental support although

refinements appeared to be necessary [4]. The Hebbian

framework has also seen many extensions and applications

over the years; some reviews can be found in [3, 57, 56].

As indicated initially, one of the most appealing aspects

of Cell Assemblies is their bilateral explanatory nature: On

one hand assemblies aim at functional models for psy-

chological phenomena, but on the other hand they ground

these functions in the physical substrate of neurons, syn-

apses, and networks. This congruency with the new

discipline Cognitive Computation, we believe, will soon

become important in the development of artificial cognitive

computers: Neural hardware is currently being developed

by many hardware designers worldwide, but it requires

new and yet non-existing programming paradigms. At the

same time neurophysiological research is growing expo-

nentially that targets on higher cortical functions like

decision making, navigation, behavioural control, or lan-

guage. This research will provide the theory for the former

new computers, because both should be naturally adapted

to each other even though at the moment the respective

research spans across disciplines. In contrast, alternative

approaches like quantum-, swarm-, or molecular comput-

ing although they have their own merits do not share much

similarity with human cognitive systems and therefore

need other sources of inspiration to be made ‘‘smart’’.

We have argued elsewhere how the framework of Heb-

bian cell assemblies can be extended in a very natural way

by decisions, rules, and syntactic patterns [57]. ‘‘Operational

Cell Assemblies’’ of this extended kind can in principle

provide a programming paradigm for upcoming large-scale

neuro-inspired hardware systems [55]. In the present work

we do not repeat the respective arguments but consider a

complementary aspect of assemblies that takes focus on

their representational capabilities rather than computation.

We will show that the internal structure of assemblies is

compositional in a natural and most appealing way. Both

aspects together contribute to the strength of assemblies—

their potential as expressive data structures considered here

and their universal computing power discussed in [55].

Many scientists loosely understand assemblies as any

collection of somehow cooperating neurons. As a starting

point we prefer to consider them in a more strict sense as

stored patterns in an associative memory of, say, the

Willshaw or Hopfield type [2, 24, 38, 63]. Clearly this is

not a definition of assemblies but more a figure of thought

that captures some of Hebb’s original ideas although cer-

tainly not all. Stimuli (or other entities) are thought of

being represented by patterns of neural activity across a set

of neurons. In the present work—as in Hopfield and

Willshaw nets in general—we assume that these patterns

are just binary; neurons are either on or off (this is not a

crucial simplification; it can be relaxed). Patterns are stored

by means of synaptic plasticity based on pre- and post-

synaptic activity. A variety of learning rules has been

studied [1, 17, 18, 16, 39, 40] most of which have in

common that all neurons in one assembly strengthen their

mutual synapses as required by Hebb, but whether syn-

apses get also weakened or even negative depends on the

precise model variant. Because patterns will in general

overlap they form overlapping blocks in auto-associative

storage matrices, see Fig. 1.

The theory of associative memories mostly considers

uncorrelated random patterns because this simplifies sta-

tistical analyses of stability conditions or the computation

of memory capacities [2, 23, 39, 40]. In practice, overlaps

between patterns are not random but reflect the similarity

or relational closeness of the represented entities; they can

also be seen as the ‘strength’ that connects things or

thoughts associatively. The theory and models we outline

below shed light on mathematical hierarchical properties of

general overlap structures in assemblies.

Sub-graphs in a graph of nodes that are fully connected

by pair-wise edges are called ‘‘cliques’’ [38]. Assemblies in

auto-associative memories are cliques because each neuron

lends support to every other neuron within the assembly by

means of strong synapses [38]. As long as the memory

matrix is not overloaded these are also ‘‘maximal cliques’’

meaning that every other neuron outside the assembly is

less than fully connected with the neurons inside. This is

necessary to make assemblies attractors of associative

memory models, otherwise activity would spread from a

fully activated assembly to the external neurons that

receive full support as well.

Direct evidence has recently been provided for clique-

codes in multiple-unit electrode recordings from rat hip-

pocampus [21, 32, 33]. These experiments confirmed earlier

indirect evidence for assemblies [19, 36]. Lin et al. [32, 33],

for instance, studied startle-triggered ensemble responses in

large sets of 260 simultaneously recorded CA1 neurons of

rats in response to different experiences like ‘freefall inside

an elevator’, ‘sudden gush of air to the back’, or ‘earth-

quake-like shake’. They found that the stimuli evoked

diverse changes in some hippocampal neurons but could be

projected by means of a multiple discriminant analysis to

distinct patterns in a low-dimensional coding space. More

specifically, neurons engaged in the responses were
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categorically and hierarchically organised. A broad set of

cells represented general startle-responses, smaller sets

were responsive to only one or two of the stimulus types

(shake, gush, fall), whereas even smaller sets responded

selectively to further context specialisations like the identity

of one of two elevators used in the freefall paradigm. These

experiments clearly demonstrate a compositional code that

uses nested categories represented by large ensembles of

cells such that more specific stimulus conditions are rep-

resented by smaller ensembles.

The present work argues for a complementary inter-

pretation of hierarchical clique-codes. In addition to nested

categories we suggest that assemblies may implement more

complex structures named ‘formal concept lattices’ [20,

62]. Nested category hierarchies can be interpreted as

special sub-lattices of those. Radim Bělohlávek in a so far

unfortunately mostly ignored paper [5] has shown that

concept lattices can be implemented in the attractor

structure of bidirectional associative memories.

Formal concept analysis starts from two disjoint finite

sets of ‘objects’ and ‘features’ and a relation between them:

an object-feature pair is either in the relation or not. A

‘formal concept’ is defined as a maximal set of objects

paired with the maximal set of features they share. The

objects of a concept are its ‘content’, because informally

these are the objects that the concept comprises, whereas

the features are its ‘intent’, because they characterise the

objects in terms of shared properties.

Think of a shopping basked: some things in it are red,

some are vegetables, some canned. If the only red vege-

tables in it were tomatoes the pair of sets ({tomato}, {red,

vegetable}) could be a valid concept in the context of the

given basket. All red things in the basket could define

another concept, as could all ‘canned blue’ things or all

‘canned blue vegetables’. Note, that formally the pair of

objects and their features defines the concept, but in every-

day language we often just use the features, the intent, to

name it as in the previous examples. Figure 2 shows

another shopping basket example.

Single objects can define concepts described by their

individual collection of features if these characterise it

uniquely (otherwise all objects that share the features are in

the content of the concept, cf. the concept ({lettuce, spin-

ach}, {green, vegetable}) in Fig. 2). Single features may

similarly define concepts described by the collection of all

the objects that share them. Concepts form a hierarchy, the

concept lattice, with a complete partial order relation that is

induced by set inclusion: the sets of objects that share some

features get smaller when the respective set of features gets

larger or, conversely, the more objects we choose the less

features they will have in common. Precise definitions will

be given in section ‘‘Formal Concepts in BAMs’’. There

are two extremal concepts at the bottom and the top of the

hierarchy. The smallest concept comprises the minimal

number of objects that share all features; this can be the

empty set as in the example in Fig. 2. Conversely, on the

top of the hierarchy we have a concept that comprises all

objects and the features they share. In our example all

objects are vegetables, but especially in larger contexts

usually no feature is shared by all objects, neither has any

object all features. The formal concept hierarchy of a given

context reflects the set-theoretic compositional relations

between its feature-set and object-set.

Associative memories can implement context structures,

and thereby compositional hierarchies, in a natural way.

Bělohlávek [5] proved that certain bidirectional associative

memories (BAMs, see [31]) can precisely implement for-

mal concept hierarchies. We here present an

Fig. 1 Schematic of patterns and their representation as assemblies. a
Shows 3 binary patterns A1,A2,A3 with three active units (‘ones’) each.

b Shows the overlap structure of the patterns as a Venn diagram. In

(c) the patterns have been stored in an auto-associative matrix of

binary synapses. The three 3 9 3 blocks indicate full connectivity

between units in each pattern, whereby an assembly is formed; these

are maximal blocks of connections that cannot be increased in size

without adding zeros (missing connections) to the blocks. Therefore

the neurons in assemblies form maximal cliques. d displays the graph

of the network of units with (c) as adjacency matrix; self-connections

are not shown and each edge is bidirectional. Again note that the

assemblies (1,2,3), (2,3,4), and (4,5,6) form fully connected cliques
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implementation that follows Bělohlávek’s work but

removes some of its less biological features. Our imple-

mentation respects Dale’s principle [9] and operates with

balanced levels of excitation and inhibition. The model

works with fixed non-plastic synapses between excitatory

and inhibitory cells that do not need to be changed when

the network learns new concepts. It is moreover enough to

use just a single inhibitory neuron that acts as a global

threshold control; any number can be used as long as they

collectively compute the average activity of the excitatory

neurons and inhibit these cells proportionally. This is in

accordance with the hypothesis that interneurons may have

mainly supportive functions like activity regulation but do

not so much contribute directly to memory processes due to

their lower number and less or non-plastic synapses. Our

model furthermore can learn concept lattices incrementally

by means of a Hebbian coincidence learning rule.

The section ‘‘Formal Concepts in BAMs’’ introduces

concept lattices and Bělohlávek’s original implementation.

Section ‘‘Biological Improvements’’ describes our attempts

to make the model more biological. Afterwards implica-

tions for auto-associative memories are discussed in

section ‘‘Implications for Auto-Associative Memories’’. In

section ‘‘Discussion’’ we come back to the observation of

hierarchical clique-codes in the cortex and outline further

possible applications of the framework of concept lattices

and associative representations developed here.

Formal Concepts in BAMs

Formal Concepts

Formal concept analysis [20, 62] considers a finite set of k

objects, G = {g1,…, gk}, and a finite set of l features,

M = {m1,…, ml}.1 Objects can have a variable number of

features and features can be shared by several objects.

These relationships are defined by a binary relation I

between G and M, such that ðg;mÞ2I for g 2 G;m 2 M

means that object g has the feature m (and does not have it

if ðg;mÞ 62 IÞ: The triple (G, M, I) defines the context the

formal concept analysis is about (for instance, a specific

shopping basket).

A (formal) concept is a pair ðA;BÞ;A � G;B � M such

that A is the maximal set in G that shares all features of B,

and B is in turn the maximal set of features shared by all

the objects in A. Formally, A ¼ B# :¼ fg 2 Gj8m 2 B :
ðg;mÞ 2 Ig and B ¼ A" :¼ fm 2 Mj8g 2 A : ðg;mÞ 2 Ig:
The set A is said to be the extent of the concept and B its

intent.

Note that both sets A and B have to be maximal. In the

example in Fig. 2, ({beans} , {red, vegetable}) is not a for-

mal concept because there are other red vegetables

(‘tomatoes’) in the basket as well as other features in the list

of features (M) that beans in the basket possess (‘canned’).

We denote by BðG;M; IÞ the set of all concepts of a

given context (G, M, I). The set of concepts can be ordered

hierarchically such that it forms a complete lattice, the

formal concept lattice [62]. More concretely: by means of

the usual set inclusion we can define sub-concepts of

‘larger’ concepts by requiring that all objects in the smaller

(sub-)concept are also objects in the larger concept; for-

mally: for two concepts ðA1;B1Þ; ðA2;B2Þ 2 BðG;M; IÞ we

put ðA1;B1Þ� ðA2;B2Þ iff A1 � A2 (or, equivalently,

B2 � B1). Wille [62] has shown that BðG;M; IÞ under the

so-defined order-relation is a complete lattice where every

set of concepts has a least upper bound (supremum or

Fig. 2 Example for a simple concept lattice. a Shows a formal

context that specifies just four objects and four features as well as the

feature–object relationships between them. b Lists all concepts of this

context, that is, all maximal blocks in (a) (possibly after reordering

rows and columns). Note that rows (or columns) can be identical, for

instance, ’l’ & ’s’ (initial letters abbreviate full names), and that the

size of the object sets increases from concept 1 to 5 whereas the

feature sizes decrease. c Displays the concept lattice such that the

lower concepts of connected pairs are ‘smaller’ than the higher ones,

in the sense that all their objects are contained also in the higher one.

The numbers on the far right indicate the cardinality of the concepts,

that is, the number of objects they contain

1 We mainly follow Bělohlávek’s notation and definitions in [5] in

the present work.
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direct generalisation) and a greatest lower bound (infimum

or direct specialisation). The infimum of a set of concepts

is the concept that contains as objects the intersection of all

individual object sets, and the supremum is the concept that

contains as features the intersection of all feature sets of the

individual concepts. Unless there are objects that possess

all features or features shared by all objects, the total

maxima and minima of the hierarchy are the concepts

where either the object set or the feature set is empty.

Bělohlávek’s Implementation

This section summarises briefly the main mathematical

results in [5], where Bělohlávek has worked out that formal

concept hierarchies can be implemented in the fixed point

structure of bidirectional associative memories (BAM)

[31]. BAMs store a set of, say P, pairs of binary 0/1-pat-

terns ðXp; YpÞ ¼ ðfxp
1; . . .; xp

kg; fy
p
1; . . .; yp

l gÞp ¼ 1; . . .;P in

the weights wij of a bi-layer neural network with dynamic

equations

y0j ¼

1 for
Pk

i¼1

wijxi [ hy
j

yj for
Pk

i¼1

wijxi ¼ hy
j

0 for
Pk

i¼1

wijxi\hy
j

8
>>>>>>><

>>>>>>>:

x0i ¼

1 for
Pl

j¼1

wijy
0
j [ hx

i

xi for
Pl

j¼1

wijy
0
j ¼ hx

i

0 for
Pl

j¼1

wijy
0
j\hx

i

8
>>>>>>>><

>>>>>>>>:

:

ð1Þ

The hy
j ; h

x
i are firing thresholds of the neurons. The network

operates in discrete time by cycling through successive

feedforward–feedback steps. Unprimed variables refer to

values before a step, primed variables to values afterwards.

In one feedforward–feedback retrieval cycle an input pat-

tern x is first mapped to the second layer yielding y0 and

then back to the first layer to get x0. The process can

apparently be iterated as desired resulting in a time-discrete

dynamical system.

Whereas the goal of the classic bidirectional associative

memory is to retrieve pattern pairs from partial or distorted

cues [31], it is shown in [5] that they can also be used to

store and retrieve concept hierarchies. In this interpretation

the two network layers represent the features and objects of

a formal context, respectively. One proposed learning rule

for a given context (G,M,I) is

wij ¼
1 if ðgi;mjÞ 2 I
�q if ðgi;mjÞ 62 I

�

ð2Þ

where q ¼ maxðk; lÞ þ 1: All thresholds are set equal to

-1/2. The set of stable points of this BAM is isomorphic to

the formal concept lattice induced by (G,M,I) [5]. If some

feature set is used as input the corresponding objects that

share all these features are found in the forward step, and

any missing features that are further shared by the objects

(in addition to those already in the input) are completed in

the backward step. Perhaps surprisingly, it can be shown

that every finite lattice can be implemented by a BAM as

above ([5], corollary 1).

A second learning rule proposed in [5] is based on ‘train-

ing’ sets T ¼ fðAp;BpÞjAp � G;Bp � M; p 2 f1; . . .;Pgg:
A training set is called conceptually consistent if it is a subset

of some concept lattice. The relation table, IT, of a concep-

tually consistent training set T can be constructed by

ðg;mÞ 2 IT iff 9ðA;BÞ 2 T : g 2 A;m 2 B: ð3Þ

Bělohlávek provides necessary and sufficient conditions

for a training set to be conceptually consistent (Theorem 2

in [5]) and proves that conceptually consistent training sets

can be stored in the sense that the concepts they comprise

are fixed points of the resulting BAM using the following

learning rule (Corollary 2 in [5]).

Learning rule 2: For i = 1,…, k, j = 1,…, l set the

thresholds hx
i ¼ hy

j ¼ �1=2 and weights

wij ¼
1 if 9p 2 f1; . . .;Pg : gi 2 Ap;mj 2 Bp

�maxðk; lÞ þ 1 if otherwise

�

: ð4Þ

Figure 3 displays some conceptually consistent and

inconsistent training sets for illustrative purposes. The

example is based on the context in Fig. 2. The three blocks

in (a) are all concepts and together (or in any smaller

combination) form a conceptually consistent training set.

However, this training set does not contain the full

information about the context, because the concept

({tomato, beans}, {red, vegetables}) is not in the training

set. The system after training therefore does not know of that

concept (it knows that tomatoes are vegetables but not that

they are red). Conversely all blocks indicated in (b) are not

even concepts. Any training set that contains them is

conceptually inconsistent in the sense of [5]. After training

of an inconsistent training set its training examples may or

Fig. 3 Conceptually consistent and inconsistent training examples.

Used in (a) and (b) is the context relation from Fig. 2. a Reveals some

conceptually consistent training examples that all comprise maximal

blocks of feature-object relations and therefore represent formal

concepts of the context. b Shows inconsistent training sets; these also

comprise blocks of positive feature-object pairs, but non-maximal

blocks
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may not be stable fixed points of the trained BAM; the

behaviour of that BAM is therefore rather undefined (Fig. 4).

Biological Improvements

Bělohlávek’s BAM implementation of formal concepts is

provenly correct and works perfectly well as a technical

system. From a biological point of view one can make

some improvements outlined in this section that make the

model biologically more plausible. First, note that neurons

in the model have positive and negative outgoing synapses

in conflict with Dale’s principle that neurons in the brain

express either excitatory or inhibitory synapses [9]. Sec-

ondly, observe that the inhibitory synapses in (2) or (4) are

extremely large as compared to the excitatory ones, the

fraction being one to the system size, maxðk; lÞ: Third, the

learning rules (2) or (4) are ‘‘one-shot’’ rules in the sense

that the whole relation table has to be known in advance for

rule (2) and the whole training pattern set for rule (4) in

order to compute the synaptic weights. The learning rules

also require plastic inhibitory synapses.

We resolve the first and second issue by separating

neurons into excitatory and inhibitory ones. More pre-

cisely, we start by assuming that the excitatory units are

threshold units with specific connections controlled by

global linear and unspecific inhibition per pool. The time-

discrete dynamics of the networks can then be written as

X0 ¼
Xk

i¼1

xi ð5Þ

y0j ¼ H q
Xk

i¼1

wijxi � cX0 � hy
j

" #

ð6Þ

Y 0 ¼
Xl

j¼1

y0j ð7Þ

x0i ¼ H q
Xl

j¼1

wijy
0
j � cY 0 � hx

i

" #

ð8Þ

where H is the Heaviside function, HðxÞ ¼ 1 if x [ ¼
0 and 0 else.

X and Y are the potentials of the inhibitory neuron in

either of the two pools; yj, xi are the potentials of the

excitatory neurons before a simulation step; primed vari-

ables denote variables after the simulation step. hy
j and hx

i

are firing thresholds, and q and c parameters of the model

that balance excitation against inhibition. The thresholds

and other parameters are fixed later.

In (5)–(8) excitatory neurons are separated from inhib-

itory neurons such that Dale’s principle is satisfied.

Furthermore, the synapses from excitatory cells on the

inhibitory cells are all 1, such that the inhibitory neurons

just sum the total activity from one pool and inhibit the

excitatory neurons in the other pool proportionally. This

represents an unspecific feedforward inhibition between the

pools. Because, X0 is computed before y0 (and Y0 before x0)
the inhibition is assumed to act (slightly) faster than the

excitatory synaptic transmission.

As stated, the model assumes a single inhibitory neuron

per pool. This is an extreme case that can be easily relaxed by

splitting either of the inhibitory neurons arbitrarily into any

number requested. These may receive input from the excit-

atory cells by some arbitrary but invertible synaptic matrix V.

If the connections from the new inhibitory neurons to the

excitatory neurons are given by the inverse of V the action of

the now several inhibitory cells is effectively the same as that

of the single cell before, they inhibit the excitatory cells

proportional to the total activity in the second pool. This is

obviously a consequence of the inhibitory neurons being

linear, and it can be reached with non-negative matrix entries

in V and V-1 only, keeping Dale’s principle intact.

The rationale behind this aspect of the model is that it has

been argued that the excitatory cells are the main computa-

tional work-horses in real neural systems whereas the

inhibitory cells have mainly supportive functions like acti-

vation control [7]. This view is supported by the significantly

smaller number of inhibitory cells and the fact that plastic

(NMDA-)synapses are expressed by excitatory cells only.

Therefore in our model only synapses between excitatory

neurons learn, but the inhibitory neurons have fixed in-going

and out-going synapses that do not need to be adapted.

Given a formal context (G,M,I) a one-shot learning rule

for the excitatory synapses is

wij ¼
1 if ðgi;mjÞ 2 I
0 if ðgi;mjÞ 62 I

�

: ð9Þ

Fig. 4 Addressing of unique versus ambiguous assemblies. The

circles in (a) and (b) depict a Venn diagram of the active units in three

overlapping memory patterns, A1, A2, A3; intersections contain units

active in all the intersecting assemblies. Hatched regions depict

address patterns, that is, sets of units used as starting patterns for

associate retrieval. In (a) each of the three address patterns as well as

any combination of them addresses pattern A1 uniquely because the

address patterns are fully contained in A1 but in no other pattern. In

(b) the hatched regions address more than a single pattern ambig-

uously, they are fully contained in more than one memory pattern
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The weights reflect exactly the membership relations of

features in objects and vice versa. Furthermore, all syn-

apses are 1 as for the inhibitory neurons. We will see below

that also the weight factors c and q in the dynamic Eqs. 6

and 8 can be equal or close in order to reach proper concept

retrieval. Therefore, excitation and inhibition are much

more balanced than in the original implementation in

section ‘‘Bělohlávek’s Implementation’’

To prove correctness of the model we need to show

equivalence of the concepts of any formal context and the

fixed points in its BAM implementation. For simplicity we

do this for the choice of parameters: 1 ¼ q ¼ c [ � h ¼
:5 [ 0 and hy

j ¼ hx
i ¼ h for all 1� i� k; 1� j� l: With this

choice excitatory and inhibitory synapses have the same

strength and the dynamic Eqs. 5 to 8 can be simplified to

y0j ¼ H
Xk

i¼1

ðwij � 1Þxi � h

" #

ð10Þ

x0i ¼ H
Xl

j¼1

ðwij � 1Þy0j � h

" #

: ð11Þ

Note, that because the threshold h is smaller than zero, an

input x = 0 will result in all yj
0 becoming active in the

forward step and in turn in all xi
0 becoming zero in the

subsequent feedback step if ‘‘no object has all features’’.

This results in a fixed point that represents the correct

retrieval of the total minimum of the concept hierarchy

assuming that x represent the objects.

For a given context (G, M, I) and a given set of features

(objects), S, we define the coset of S as the maximum set of

objects (features) that shares the features (objects) in S. If S

is a set of objects the smallest concept containing S in the

formal concept lattice is then ðcosetðcosetðSÞÞ; cosetðSÞÞ:
If x 2 f0; 1gk

represents any object set, y0 computed

according to Eq. 10 will represent its coset: observe that

the inhibitory contribution in
Pk

i¼1ðwij � 1Þxi in Eq. 10

counts the number of active units in x independent of the

target unit j. In order to overcome the firing threshold a

target unit therefore needs excitatory input from all active

units in x which then just balances the inhibition, but

because the threshold is negative the unit will fire. Con-

sequently the units in the coset of x will fire but no other

neurons. The same arguments hold in the feedback direc-

tion; therefore, x0 ¼ cosetðcosetðxÞÞ and the smallest

concept that comprises x is retrieved.

The above arguments imply that every concept of the

concept lattice BðG;M; IÞ corresponds with a fixed point in

its BAM representation and can be retrieved in a single

forward–backward cycle from either its feature set or its

object set. Conversely, each fixed point must be a concept

because being a fixed point implies maximal connectivity

between the activated features and objects; there are no

other objects that receive input from all activated features

and no other features that receive input from all activated

objects. Accordingly, both sets are maximal which char-

acterises a concept of BðG;M; IÞ:
Bělohlávek proved for his BAM, Eq. 1 with learning

rule (4), that a set of training examples T = {(Ap, Bp),

p = 1,…, P} is learnable in the sense that the examples

become fixed points of the BAM iff T is conceptually

consistent. The latter basically mean that all the pairs (Ap,

Bp) must be concepts of a fixed concept lattice. The

learning rule (4) is not incremental because all pattern pairs

need to be known in advance in order to set the synapses.

Our implementation allows for incremental learning

where only excitatory synapses get potentiated whereas the

inhibitory synapses can be left entirely untouched in the

course of learning.

Assume T is a conceptually consistent training set in the

sense of [5]. Let P ¼ fT1; . . .; Trg be any partition of T. We

train T1,…, Tr incrementally. Synapses after training of Tk

are denoted as wk
ij starting from an empty synapse matrix,

w0
ij ¼ 0 for all i = 1,…, k; j = 1,…, l. The learning rule

then is

wk
ij ¼

maxðwk�1
ij ; 1Þ if 9ðA;BÞ 2 Tk : gi 2 A;mj 2 B

wk�1
ij otherwise

(

:

ð12Þ

In each learning step this rule takes the old synaptic matrix

and sets all synapses corresponding with feature–object

pairs in the new pattern set to 1 (if they are not already 1).

The result of incrementally learning T1,…, Ts for some

0� s� r is apparently the same as if the union [i=1,…, s Ti

would have been trained using the one-shot rule (9).

Therefore the rule (12) correctly stores the concepts con-

tained in the training set up to a current learning step as

well as all other concepts these contain implicitly. After all

training examples have been learned, rule (12) reaches the

same result as rule (9) for the context relation IT induced by

(3) and the full training set T.

Note that a special partition P would be composed of

the P individual pairs of the training set T, which therefore

can be trained individually in sequence. Also: the order of

presentation of a partition apparently does not matter for

the final result as the synaptic matrix eventually reached

will inevitably have collected all pairings of features and

objects in the training set, no matter when they arose in the

course of training.

According to the theorems in [5], after each training step

the BAM will perfectly represent some formal concept

lattice which contains the training pairs already shown as

fixed points. There may be more fixed points, which rep-

resent additional concepts that have not been in the training

sets. The represented concept lattice will grow as more and
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more training examples are shown, meaning that the size of

the represented lattice, that is, the number of concepts it

contains, can never decrease. This is simply a consequence

of the fact that a fixed point once created cannot vanish

again by means of later training, because a concept must

stay a concept in a conceptually consistent training set.

Consequently, new concepts can be inserted into the hier-

archy of the lattice, but old ones never deleted. Of course,

depending on the order of training, the growth process will

run through different paths of lattices.

Conceptually consistent training sets induce a relation

table by means of 3. All pairings of features and objects

add an entry from that table to the current synaptic matrix

by learning rule 12. Each training pair must be a concept,

that is, a maximal block in the context table to learn. Later

training pairs must not destroy any earlier existing blocks

in order for the training set to be conceptually consistent.

The sequence of concept lattices represented in the time

course of learning is the sequence of lattices induced by the

respective blocks after each learning step.

Implications for Auto-Associative Memories

The bidirectional associative memory separates objects and

features into two distinct layers. Auto-associative memo-

ries, in contrast, comprise only a single layer. Nonetheless,

the considerations of the previous sections can also provide

some insight into the retrieval properties of auto-associa-

tive memories.

We consider auto-associative memories of the Will-

shaw-type with k binary neurons and again a single

globally acting inhibitory neuron that provides a dynamic

threshold control:

X0 ¼
Xk

i¼1

xi ð13Þ

x0j ¼ H q
Xk

i¼1

wijxi � cX0 � hx
j

" #

: ð14Þ

The network stores a set of P binary 0/1-patterns T ¼
fApjAp ¼ ðap

1; . . .; ap
kÞ

T 2 f0; 1gkg by means of the clipped

Hebbian coincidence rule

wij ¼ minð1;
Xk

p¼1

ap
i ap

j Þ: ð15Þ

This rule is in effect the same as (9) if the input and output

patterns there are identical. It can easily be serialised as in

(12) leading to an incremental algorithm.

In the auto-associative case fully connected blocks in the

coupling matrix define cliques in the sense of graph theory

if the connection matrix is interpreted as an adjacency

matrix between some set of nodes. These blocks corre-

spond at the same time with formal concepts of some

context (G, G, W) where G is the set of entities the neurons

in our model code for,2 and I is equivalent to the coupling

matrix defined by (15).

Classical associative memory theory aims at making all

single patterns and (whenever possible) only those fixed

points of the network dynamics. It has been observed

previously that especially at high memory load ‘‘mixture’’

patterns and an exponential number of additional fixed

points appear in some models [2, 23], these, however, were

considered retrieval errors. Formal concept theory instead

suggests that they may be related to the concept structure

inherent in the overlaps of the memory patterns. This is an

area that allows for and needs future research. It may

especially provide insight into how generalising categories

are formed if associative memories become overloaded.

By construction and previous arguments an address

pattern x will after a single step of (14) excite its coset,

x0 ¼ cosetðxÞ; that is, the set of all units that receive input

from all units in x. These units cannot itself be fully con-

tained in a bigger pattern; therefore, under iteration of the

dynamics a sequence of ever growing patterns is impossi-

ble. To the contrary, under further iteration of x0 ¼ cosetðxÞ
we have cosetðcosetðx0ÞÞ ¼ x0; which leaves only two

possibilities: either x0 is a fixed point or x0 and cosetðx0Þ
form a limit cycle of length two.

We say a pattern x addresses one of the stored patterns

in T ¼ fApjAp ¼ ðap
1; . . .; ap

kÞ 2 f0; 1g
k

for p ¼ 1; . . .;Pg;
say A1, if x � A1; or, informally, if all active ones in x are

also active in the memory pattern. It is then clear that the

two cases above, fixed point or two-cycle, correspond with

the case where the pattern x either addresses a single

memory pattern uniquely in which case this pattern is

retrieved after one step as a fixed point, or x addresses more

than one pattern in which case x0 ¼ cosetðxÞ is the union of

the addressed memory patterns (more precisely their active

units), and cosetðx0Þ is their intersection. The associative

memory therefore oscillates between a state where all units

in all addressed memory patterns are jointly active and a

state where only the units common in all addressed mem-

ory patterns are active. For a single uniquely addressed

pattern both states are the same.

Discussion

In summary we have shown that Bělohlávek’s BAM

implementation of formal concept lattices [5] can be nicely

improved towards more biological realism by separated

2 These entities may be features or objects or just anything, we do not

make such distinctions in the auto-associative setup.
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classes of excitatory and inhibitory neurons and incre-

mental learning of excitatory neurons only. A spiking

neuron implementation is also possible which will be

described elsewhere. We have only presented very simple

toy-examples in the present work. However, the proper

functioning of the model was shown for arbitrary formal

contexts. For additional examples and a data-base appli-

cation see [5, 45, 64]. Retrieval in auto-associative

memories has further been related to formal concept hier-

archies as well with an interesting new result regarding the

meaning of retrieval errors. Important future work seems

possible in that direction if the assumption is relaxed that

only memory patterns can be meaningful attractors.

Assemblies in auto-associative memories can be con-

sidered cliques in the strict sense of graph theory because

in our interpretation of an assembly all its neurons are

mutually connected but no other neuron has full connec-

tivity to the assembly. In the BAM setup, concepts are

rather ‘‘bi-cliques’’ where two disjoint sets of units are

mutually fully connected; nonetheless, each set still lends

full support to itself indirectly via the bi-synaptic pathway

through the opposite pool.

The bidirectional associative memory distinguishes

feature and objects layers. Thereby it naturally supports

cascaded hierarchies where one or more lower level layers

feed bidirectionally into higher level layers to build super-

concepts. We hypothesise that this might be the case in the

sensory hierarchies of the mammalian brain.

Numerous attempts explain visual or auditory process-

ing as a hierarchy of successively more complex and

increasingly invariant categorisers, e.g., [8, 12, 15, 34, 48].

Strong experimental evidence has been provided to support

this view [27, 43, 53, 54] up to the highest cognitive levels

in human [44, 42]. Similarly, many scientists considered

feedback processes, often interpreted as top-down attention

[26, 47, 49] or more recently the action of some generative

models that aim to reconstruct or predict the input [12, 46].

The framework of formal concepts adds interesting new

aspects to these studies worthy to explore further in the

future.

Note that there are several specific differences between

hierarchical categorisers and the concept-storing BAMs

considered here. Both models have a feedforward phase

where lower order features are integrated (in some sense) by

higher order units such that a set of features can excite a set

of objects. In the framework of formal concepts the object

units that become excited are exactly all the units that

comprise all active features in the input. In categoriser

networks the activated object units are less well defined;

they may be excited only by some input features and if so

then only to a more or less extent. These differences refer in

part to the discrete 0/1-nature of the BAM unit activities and

synapses, but also to the special threshold strategy of the

concept-BAM which requires that all active input units

match with non-zero synapses into any target neuron that

has to be activated. A second major difference between

categoriser hierarchies and concept-lattice BAMs is that the

latter add feedback to the system which aims at completing

all features that the initially excited objects share. This set is

the intersection of the full feature sets of the excited units as

represented by their non-zero synapses. Some categoriser

hierarchies with feedback have been described, for example,

the classical neo-cognitron [13]. In these networks the

feedback rather projects the synaptic fields of the excited

object neurons back into the feature space whereby some-

thing like the superposition or union of the synaptic fields/

feature sets is reconstructed but not their intersection. A

third difference is that lateral inhibition is often used to

perform some winner-take-all-type selection of the maxi-

mally excited object neuron in categoriser networks; in the

BAM an arbitrary number of units in any layer can be active.

If a winner is selected the back-projected synaptic fields can

be used to reconstruct missing parts in the input pattern, see,

e.g. [13, 14]. Apparently, the precise similarities and dif-

ferences between hierarchical categorisers and concept-

BAMs need further investigation. A unifying theory may be

possible, perhaps in a Bayesian framework.

Lin et al.[33], based on multiple-electrode recordings in

behaving rats [21, 32], argued for categorical representa-

tions of stimulus conditions related to behavioural

responses in hippocampal neurons which comprise nested

sets of neurons that get smaller the more specific the

stimulus conditions are. These results to some degree

parallel the expectations from concept lattices but consider

only the mapping of features to one output aspect, the

reflexive response. ‘‘Objects’’ in the sense of formal con-

cept analysis in the cited or similar extended experiments

may characterise the rat’s responses as a combination of

aspects of the possible responses. It is our suggestion that

the pyramidal hierarchical structure depicted in [33]

(Fig. 1) therefore may represent only part of a fuller rela-

tional network; it may perhaps reflect an ordered path of

the full underlying lattice of stimulus–response concepts. A

more complete picture could be obtained by adding more

possible reactions (objects) that have some aspects in

common but differ with regard to others and study how

more complete stimulus–reaction sets are reflected in the

firing of the recorded neurons.

Tsunoda et al.[54] presented another example where

concept hierarchies may play a crucial role (cf., also [53,

27]). In combined optical and single unit recordings from

inferotemporal cortex of Macaques they found that visual

objects evoke blobs of activity in the optical recordings that

stay roughly constant in cortical location and size if com-

plex stimuli get successively simplified. Objects with some

shared features evoked patterns with some blobs in
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common. In some cases existing blobs disappeared, in

other cases new blobs appeared when a stimulus was

simplified. Simultaneously recorded single unit activity

from neurons within and outside blobs was largely con-

sistent with the optical response patterns. These

experiments suggest categorical responses of neurons in

blob areas such that neurons are sensitive to certain stim-

ulus properties which, however, can be shared between

representations of different entities. The appearance and

disappearance of blobs when stimuli are simplified may

reflect the structure of feature–object relationships imple-

mented in the cortical network. Data in [27, 43, 11] may be

interpreted in a similar vein.

Experimenters are usually bound to the observation of

activity of neurons only, but not their connections. Collec-

tively elevated firing rates or synchronous spiking therefore

define cliques based on mutual correlations only. Whether

those result from auto-associative or hetero-associative

physical connections (or both, or any other scheme) can in

general not be decided. Our results suggest that the obser-

vable dynamic response patterns as well as their

compositional structure should be different for either the

bidirectional or the auto-associative scheme: auto-associa-

tive memories do not support a full retrieval of the concept

lattice defined by a set of patterns, whereas the bidirectional

memory does. Auto-associative connections also were

shown to lead to oscillations between the union and inter-

section of all addressed memory patterns in case of

ambiguities, whereas such type of response would contra-

dict pure concept retrieval. It cannot be excluded, however,

that modifications of auto-associative memories can retrieve

and represent arbitrary concepts defined by their memory

patterns. It is also likely that the cortex uses a mix of auto-

associative and bidirectional processes (and possibly more).

We have introduced Hebb’s cell assemblies as a theory

that ultimately aims at integrating Physiology and Psy-

chology. If assemblies are implemented in the brain and do

reflect concept processing as proposed here, this should

correlate with the formation and processing of psycholog-

ical categories and feature–object relations. Psychologist

have investigated the nature of categorical and conceptual

processes in humans, e.g. [10, 28, 35, 37, 51], however,

without final conclusions yet [52]. Formal concept analysis

may suggest further crucial experiments. From the cogni-

tive psychological perspective it would seem appealing that

concept lattices reveal a natural compositional structure

that maps collections of features to object sets, which in

turn can be integrated into super-concepts and so on in a

hierarchical way. This reflects the compositional structure

of most cognitive domains.

Hebbian cell assemblies, we believe, will soon have

multiple technical applications in forth-coming future

computer systems where those are based on simulated

neurons or distinct neural hardware. One reason for this is

that they are ‘‘by construction’’ adapted to this hardware and

there is currently no alternative programming paradigm

available for neural cognitive large-scale simulations (only

for biophysical simulations). The present work outlined

some aspects of the beautiful representational structure of

assemblies, whereas in earlier work we have extended the

framework towards rules, language, and procedural pro-

cesses in general [57, 55, 58]. This should give the

framework of cell assemblies a good position in approach-

ing the challenge of future truly cognitive computing.
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